We present approximate representations of the liquid structure function S(k) for Fermi systems in the framework of the renormalized and unrenormalized Jastrow theory. Using short range correlations we study the behavior of S(k) in the range of low momenta and compare our numerical results with the experimental data of the liquid structure function of liquid 3 He. We conclude that the usual Jastrow ansatz S^FI / (rij) & for the trial wave function of a dense Fermi system, i<i together with an application of the cluster expansion method developed by Clark and Westhaus, does not sufficiently describe these systems. Improvements are discussed.
Introduction
The liquid structure function plays an important role in describing classical as well as quantum liquids. Several experiments 3 have been made to determine the structure function of liquid helium. For liquid 3 He, neutron-scattering experiments are not feasible, because of the efficiency with which neutrons are absorbed by 3 He nuclei. X-ray scattering experiments, however, have been carried out by Achter and Meyer 2 and by Hallock 3 who determined the liquid structure function of 3 He at low temperatures over a wide range of momenta. Therefore, both types of liquid helium, Fermi 3 He and Bose 4 He, form a suitable testing ground for manybody techniques used in dense neutron star matter, and hence it is of special interest to compare the results of a calculation of the liquid structure function with experimental data. Also, for the purpose of a variational description of the ground state 4 and of the transport properties 5 of neutron -and of neutron star -matter, one needs to know the structure function of the corresponding system. Unfortunately, in this case there is no direct experimental proof for the liquid structure function.
We present in this paper an approximate representation of the radial distribution function and, thereby, of the static liquid structure function in the framework of the renormalized and unrenormalized extended Jastrow theory. In doing so, we rely heavily on the definitions and on the notations we presented in a previous work 6 on the application of the CBF-method on Fermi systems. Since spatial correlations are supposed to be the most important correlations in dense Fermi fluids, the common Jastrow ansatz
i<i has turned out to be suitably adapted for calculating the expectation value of the Hamiltonian H = T + V with respect to the correlated state (1)
Here 0 is a model wave function which embodies statistical correlations and represents the ground state wave function of a gas of A independent fermions, whereas the correlation operator F usually is assumed to be of short range, due to the repulsive part of the potential. The expectation value (2) can be evaluated in a cluster expansion employing the well-established Iwamoto-Yamada procedure 7 or its factorized version 6 (FIY-expansion). Such expansions have been truncated at the two-or three-body level and yielded reliable results for the ground state energy 4 ' 6-8 of nuclear matter and of neutron matter up to the range of normal nuclear densities. In the region of higher densities in neutron matter and for 3 He this procedure seems to be insufficient and a more accurate many-body method has to be applied, with emphasis on admitting long range and at least three-body correlations. In recent papers 9 ' 10 Krotscheck developed further the conventional Jastrow theory in a very promising way, adopting diagrammatic techniques which initially have been used by Gaudin et al. n . This new description of equilibrium (and hopefully also transport-) properties of dense Fermi as well as Bose systems allows the occurence of even long range correlations in a rearranged cluster expansion of the expectation value of a certain physical operator (e.g. the Hamiltonian H) according to the number of correlation lines (see also Ref. 12 ). The long range part of the correlations is closely related to the behavior of the static structure function in the range of low momenta 9 .
In Section 2 we study the approximants of the radial distribution function and thereby those of the related liquid structure function derived from a truncated FIY-expansion of the energy expectation value. We only take into account short range correlation (i.e. f(r) ~r~n if r-^oo; 4) so that the slope of the structure function for small momenta behaves like the structure function of a free Fermi gas. Furthermore, we discuss the renormalized and unrenormalized FIY-representations of the structure function at zero momentum.
The final section, Section 3, is devoted to a discussion of our results.
Radial Distribution Function and Static Structure Function
A general starting-point for defining the radial distribution function g(r) and the structure function S(k) as well as for learning their properties is the set of re-particle distribution functions 13 P w (l,2 n):
where the sum 2 is extended over all spin and isospin coordinates. From this definition the "normalization condition" for p^ (1, 2) reads:
The quantity Q is the particle density which is related to the Fermi wave number kp by the expression q = v (6 n 2 ) ~1 Ap 3 where the factor v gives the degeneracy of the single particle states (v -2 for neutron matter or 3 He, v = 4 for nuclear matter). In a homogeneous system p^(**t2) does not depend on the direction of the space-vector T12. In this case, one usually defines the radial distribution function
Using this definition in Eq. (4) we obtain
^/d 3 r(^(r)-flr(oo)) + ^(^(^)-l) = -1 (6)
The static structure function is closely related to g(r) by 5( * ):= ts(o+) (*-0).
(7)
Together with the "normalization condition" (4) we thus find the following relation
For the true ground state it is well known that according to the "structure-factor sum rule" the equation 5(0) =0 (9) holds. In a previous paper 6 it was shown that Eq. (9) is fulfilled for each test wave function of type (1), admitting a FIY-expansion of the energy expectation value. However, a truncated FIY-cluster expansion for the energy expectation value does not lead to a corresponding approximation of the liquid structure function which automatically fulfills Equation (9) . It is nonetheless possible to restrict the class of the correlation operators such that the sum rule (9) holds in each order of the truncated cluster expansion 14 .
We get the FIY-expansion of the radial distribution function, extracting the term
from the FIY-expansion of the energy expectation value. Here v (r) is the state-independent (JLSTindependent), local, central oomponent of the twobody potential v (12). We employ this procedure to construct the renormalized approximants g^} and The unrenormalized approximants g^ (r) and g® (t) of the radial distribution function are derived from the renormalized ones by inserting the unrenormalized expansion of the weight functions Zj°, Zj°,... (cf. Ref. 6) in Eq. (11) and taking into consideration all the contributions up to the required number of hole-lines n (i.e. n = 2 for g^(r) and n = 3 for g^1 ( r )) • Thus we find for the simplest unrenormalized approximation of g(r)
The function gF(r) is the familiar distribution function of a gas of independent fermions:
l(x) = 3 x _3 (sin(x) -a; cos (a;)).
The asymptotic behavior of the renormalized radial distribution functions (r) is quite different from that of their unrenormalized pendants gty (r). In each order n (n refers to the maximal number of hole-lines involved in the cluster expansion considered) of the cluster expansion we observe:
r->oo
Investigating the renormalized approximants (r) we arrive at the result *
Here, the superscript n of the right hand side of this equation refers to the maximal number of holelines which have to be involved after squaring the functional in brackets, i.e. contributions with (n+ 1), * It is possible to rearrange the cluster expansion for the renormalized radial distribution function to achieve the asymptotic values g R" 1 (OO) of the "new" expansion to become unity 15 .
(n + 2), ... hole-lines have to be omitted. We then deduce the following expressions choosing n = 2 and n -3: 
(20) jk
The results could have also been gathered from Eqs. (12) and (13).
It is now easy to define the approximants S^ (k) of the liquid structure function by:
In the lowest cluster order of the unrenormalized version this equation can be written for zero wave number 
We notice that S^ (0) still embodies a term of the order 0(£). In the corresponding expansion of the structure function with respect to independent holelines" [Iwamoto-Yamada (IY)-expansion] all contributions of the order 0(£) cancel each other. In our FIY-scheme, however, only 0) is of the order 0(£ 2 ).
-SR 1 (0) can be approximated in a simple analytical form by the "quasi-classical" expression S^ (0) which we obtain by inserting ZQ in S'^ (0). Integration of Eq. (21) leads to the result 16 :
The averaged quantity £3 is related to the three-body correlation matrix element by
£3:=A-iZVijk(0) . (26)

Hk
For the application of the FIY-expansion method, the unrestricted minimalization of the truncated energy expectation values £u|itand with respect to /(r) leads to a non-converging cluster series. This difficulty can be avoided by imposing subsidiary conditions on the correlation functions. In our study of the Fermi liquids 3 He, nuclear matter and neutron matter we have imposed two subsidiary conditions on the parametrized correlation function which are described in Reference 6. In the 3 He calculations it turned out (by comparison of the numerical results) that the restrictions on /(r) which were used could have been replaced by the following two requirements : Now, since we know that the sum rule S(0) =0 is valid 6, 9 for each trial wave function (1), we may be led to impose Eq. (28) on SQ ,3^( A;) as a possible constraint.
Results and Discussion
The results for the liquid structure functions S$(Ä0 and SSP ] (Ä0 of the Fermi system 3 He are displayed in Figures 1 and 2 . In Figures 3 and 4 we show the radial distribution functions (r) and S r E ,3 ' l ( r ) of liquid 3 He. Since we are able to compare our 3 He results with the experimental data of 3 He-Xray experiments 2 we confine ourselves to show exclusively our results for 3 He in Figures 1 to 4 . We have also calculated the approximate structure functions Sg ] (£) andS^iP (A;) for nuclear matter. These results are presented in Reference 16. In our discussion, however, we want to include the nuclear matter system.
From Fig. 1 we expect that the value of Su^ (0) differs strongly (the numerical result is .3) from the exact result, contrary to the value of SR ,3] (0) which equals almost zero. The latter result is not too surprising since the parameter set of the two-body correlation function is restricted to fulfill Equation (28). The reason for the deviation of Su^ (0) from the value zero is to be seen on account of omitting (AE) i 2)R and possibly higher örder cluster contributions in the approximate evaluation of the energy expectation value. In the region of low momenta k, however, the static structure function Su ] (k) behaves almost like the structure function SF(k) of an uncorrelated Fermi system
The particle correlations occur in Su^ (k) only for larger ^-values (k ^ 0.5 Ä -1 ) changing the linear increase. This may be one of the reasons that S shows a very marked "shoulder" in the range of 0.5 to 1.0 Ä -1 (in Ref. 17 we find arguments for similar features of the structure function S(k) of liquid 4 He). Since we know 9 ' 16 that only long range particle correlations (/(r) ~r -2 ; r->oo) can influence the slope of S(A;) in the range of low momenta, it is necessary for getting a better agreement between calculations and experiment to allow long range correlations in the Jastrow ansatz (1). Also for momenta k between 1.0 Ä -1 and 2. In the nuclear matter system the liquid structure functions S^ (k) and SR' 3^( A:) show the same qualitative behavior as those of 3 He. In the range of low momenta the slope of S^p (k) differs from by the expression (which we present in terms of the radial distribution function)
where we have adopted the three-parameter correlation function rj(r) of Bäckman et al. 18 . From our numerical results we conclude that the contribution of expression (30) to the structure function is of such a small order of magnitude that the linear increase of S® (k) is well approximated by . We have to emphasize, however, that the appearance of the term (30) in the radial distribution function (r) is a special feature of the FIY-expansion. In Reference 16 we have proved that the contribution (30) to the radial distribution function is cancelled in the corresponding IY-expansion. Therefore one gets instead of (23) As far as the approximants and (r) of the radial distribution function are concerned, we recognize from Figs. 3 and 4 a good agreement with the "experimental distribution function gexp. ( r )" i n the region up to ^ 3.0 Ä. Nevertheless, their maxima are too low, and their long range behavior strongly fails 5 r exp.( r )-The disagreement of (r) and ^b' 3^ (r) with ^p. (r) in the long range regime mainly results from the omission of long range particle correlations, while the discrepancies between the calculated and experimental values of the maxima of the radial distribution functions may particularly arise from the severe subsidiary conditions imposed on the Jastrow function /(r). In order to overcome the defects of the "FIY-radial distribution functions" mentioned above a more accurate many-body method is called for. In a recent work 10 Krotscheck developed a method which enables us to deal with short -and long -range correlations in a quantum fluid, and the optimization procedure for the expectation value of the ground state energy (2) with respect to a correlated wave function (1) can be performed without the commonly used restrictions 7 ' 14 on the Jastrow two-body correlation function.
